NANYANG

= TECHNOLOGICAL

\931-‘ UNIVERSITY
\¥4Y SINGAPORE

Outl ine

" Introduction to seismic interferometry

v Extracting Green function from ambient noise

v The principle of noise tomography

‘, 2-D and 3-D examples



TP N ANYANG
TECHNOLOGICAL
5 UNIVERSITY

)2

~Y SINGAPORE 1. Introduction to seismic interferometry
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e Ultrasonic experiment by Lobkis & Weaver (2001,
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1. Introduction to seismic interferometry

e Coda wave interferometry
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< sivearore 1, Introduction to seismic interferometry

e Coda wave interferomeiry
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1. Introduction to seismic interferometry

e Ambient noise interferometry
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 Ambient noise interferometry
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Major Components of the Ambient Seismic Spectrum Seismitstaﬁons

Pressure

Earthguake |\ Earthquake Surface waves ‘ \
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ach crashing waves
ary Microseism

Lake Seiche \ Preslsu|re

660 km
Core-mantle boundary Body waves

0k \ =Y \{/ \\\,,

Longuet-Higgins, M. S. (1950), A theory of the origin of microseisms Bromirshi,
Webb, Gerstoft, Tanimoto, etc 3
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Weaver et al.(2001), On the emergence of the Green’s function in the correlations of
a diffuse field, Acoust. Soc. Am.

Snieder(2002),Coda Wave Interferometry for estimating Nonlinear Behavior in seismic
velocity, Science

Campilo et al. (2003), Long-Range Correlations in the Diffuse Seismic Coda, Science

Campilo et al. (2003),Emergence of broadband Rayleigh waves from correlattions of the
ambient seismic noise, GRL

Snieder (2004), Extracting the Green’s function from the correlation of coda waves:
a derivation based on stationary phase, Physical. Reiview E.

Campilo et al. (2004), High-Resolution Surface-Wave Tomography from Ambient Seismic
noise, Science
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Correlation

Weaver, 2005, Science

‘noise’ cross-correlation
function

dC;I; ! - _é;AB (1) + GBA (=1) = =G 5 (1) + Gy, (=1)

Empirical Green’s function (EGF) from} | Real Green’s function from
a ‘source’ at A and a receiver at B a ‘source’ at A and a receiver at B
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70t A, B: receiver 4
C: Scatter C.(t)= JUB (t+t)u, (t)dr =G, (-t)®G,.(t)® f(t)
€0: ]
ft)=e(-t)®e(t)

<0
£ 40 ‘?
€

30 GV

t
" 15 (E)
10}
| )G, (-)®G, (6)=6, (t)+G,, (-t)
20 40 60 C

Like Feymann integral and Kirchhoff theorem

Derode et al (2003). 12
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)_’.(75' )
e
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Snieder et al (2004).
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swearore 2, Extracting green function from ambient noise
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Fluctuation-Dissipation Theorem(FDT)

The theory connects the random fluctuation of linear system with the system response

to an external force , Like Brownian motion. (Shapiro et al., 2005, Science)

“Forward”: Transfer kinetic energy to heat

/ fluctuation “reverse” Transfer heat to kinetic energy

/'\'//

frlctlon (energy dissipation)

That is why Green function can be extracted 15
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pdis—-V-T=f ~ Variable Isotropic Deviatoric
n-T=0 -

Strain ¢ f=tre d=e— 3(tre)l
T=c:Vs - Stress o | —p =T |7 =T - YT I
€y =K~ % ,u)51_]_5k1 + ,u(6ik5ﬂ + 5i15jk) Modulus M K 2

2
T.=C, d s =(K—§,u)5ij8ksk+u(8isj+8jsi)

]

T=x01+2u(e—- %(tra)[)

1 1
T:g(trT)I +[T—§(U"T)1 ] Istropic and deviatoric part -
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2 siwearore 3. The principle of noise tomography

sU(1) = - s(x%, 1), sP(t) = o" - s(xP, 1)
Let us consider the »“ component of the displacement at location x“,

the »” component of the displacement at location x*
1

C*(t) = 7 /s“(a))sﬁ*(a)) exp(iot) dw,
T

s w) = v" - s(x*, w) = D / G,;(x*,xw) f;(X, w) d3x’. Only one source!

1
CP(1) = - Do pf /// G, (x*, xX;0) fi(X,0) G, (X, x";0) f5(X", w) exp(iwt) X d*x" do.

(fi(xX, 1) fu(X", 1)) = Sjm(X', ' —t")8(x' —x"), Noise generated on surface, 9 components

17
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(fi(xX, 1) fu (X", ")) = 8jm(X, £ — ) 8(X" — X”), Noise generated on surface

<f(x ), )V>=ELf (X6 f, (x )]

We can extract S from the power spectrum of ensemble average noise. Or we seek the
central limit of large samples of the cross correlation

(CP) 1) = == of D) // Sim(X, ) G i(x, X% 0) G% ,(x, x7; w) exp(iwt) d*x dw.

1
2 !
Need note two operations! One is in regular time, the other is in time-reverse

(CPY(t) = (CP)(—1).

One usually takes the option of measuring the positive branches (1 > 0) of (C*?)(¢) and (CP¥)(¢).
Symmetric can also facilitate noise cross correlation tomography

18
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a) b)
s l & -
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global seismic wave propagation
b) Ensemble cross correlation obtained by stacking 5000 synthetic cross correlation

19
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Objective function (OF):

X:%f[( aﬂ)sim_<caﬂ>obs]2 dt—</‘/‘1(,08,28—VT—f) d3th>
Q

Making variation for misfit function <C® >Obs,p,c,s,f )

Sx = fA<caﬂ>5<C“ﬂ)dt—<ff A [8pd]s — V - (8c:Vs) — 5f] d3xdt>
Q

_ </fx.[p333s_v.(czvas)] d3xdt>,
Q

Plus boundary condition and Tensor Green Theorem:

n-(6c:Vs+c¢:Vsis) = 0on a2

Sx = /A(C"/’)S(C"ﬂ)dz‘—</f (8pA-97s+ VAr:dc:Vs — L - 8f) d3xdt>
Q

- <//Q [p 37X —V - (c:VL)] -5sd3xdr>—<//mﬁ-(c:Vl)-5sdzxd’> 20
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/A(Caﬂw(C“ﬂ)dt:fA(C“ﬂ) <5C°¢’>dr=</ A(C*P) §C*F dt>

SCP(t) = / [s%(t + 7) 85" (7) + 85°(t + 1) sP (v)] dr

/A(C“ﬁ)(S(C“ﬂ) dt = </ C“ﬁ [s*(t + T)8s'3(r)+'6s"(t + r)sﬂ(r)]d.r dt

The first terms on the right hand:
/// A(CPY (1) s%(t + 7)dT 8(x — XP) 97 - 8s(x, 1) d*x dr

The Second terms on the right hand:

f// A(CP)(t)sP (1) 8(x — x*)p* - 8s(x, t + 7)d’x dr dr.

21
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2 sivearore 3. The principle of noise tomography

The first terms on the right hand

/// A(CPV(T)s*(t + 7)dT 8(x — xP) f:"i 8s(x, 1) é3xdf

The Second terms on the right hand

/// A(CP)(t)sP(T)8(x — x¥)p* - 8s(x, t + 7)d’xdr dr.
Definet' =t + t,thatis, t =t — ¢:

/f/ A(CPY(t)sP(t' —t)dt8(x — x*)p* - 8s(x, t')d’x dt’
= f/f A(C*PY(T)sP(t — T)dTr 8(x — x*) p* - 8s(x, 1) d’x dt

= /f/ A(C*PY(—1)sP(t + 1) dT 8(x — x¥) p" - 8s(x, ) d*x dt

= /// A(CPY(T) sP(r + T)dT 8(x — x*) 5% 2 8s(x, 1) gx dr,

<9,[,®f,>=<f Dg,f,>

22
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< swerrore 3. The principle of noise tomography

fA(C“ﬂ §(C*Pyd </f[ f A(C*PY (1) s*(t + 7)dT 8(x — XP)

/ (CPY(t)sP(t + T)dT §(x — X )] 8s(x, t) d’x dr >

Previous formula:

Sx = /A(C“ﬁ)8(C“ﬂ)dt—<// (3pr-3's+ VA:8c:Vs — L - 5f) d3xdt>
Q

- [pa,ZX—V-(c:VX)]-8sd3xdt - fi-(c:VA)-8sd*xds
¥/ -1 )

the variation in the action (B2) is stationary with respect to perturbations és provided the Lagrange
multiplier A satisfies the equation
pPA—V.(c:VA) =9’ / ACP)(T)s*(t + 7)dT 8(x — xP) +° [ ACPY () sP(t + 7)dT 8(x — X%).

n-(c:ViA) =0 on 02.
23
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< sivearore 3, The principle of noise tomography

First define ” adjoint wavefild s*”:

s'(x, 1) = AMx, —1).
that 1s, the adjoint wavefield is the time-reversed Lagrange multiplier wavefield A
Then the adjoint wavefield s is determined by

pdist —v. T =fT

where f' denotes the ‘adjoint source’

ff(x, 1) = »" / A(CPY(1)s*(—t + 1) dr 8(x — xP) + p* f A(CPY (1) sP (=t + 1)dT §(x — Xx%),
n-T' =0 on JQ.
we see that the adjomt wavefield s is determined by exactly the same wave equation and boundary
condmons as the regular wavefield, with the exception of the source term:

the regular wavefield is determined by the distributed noise source

f, whereas the adjoint wavefield 1s generated at locations x“ and Xﬂ by the adjoint source
24
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Sx = /A<caﬁ>5<caﬂ)dz—<// (3pr-3's+ VA:c:Vs — L - 5f) d3xdt>
Q

— <//Q [pa,zl—V-(c:VX)]-8sd3xdt>—<//mﬁ-(c:VX)~8sd2xdt>

sT(x, 1) = AM(x, —1).

Sx =</((Slnpr—|—8c::Kc—|—(SZ)d3x>,
Q

where we use the notation ¢ :: K¢ = d¢;ji K The kernels K, and K, are defined by

Cijki *

K,=-— / pst(=t)- 92s(t) dr,

- —stT(—t)Vs(t)dt
and

Y = [sJr -of dr.
25
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Sx :</(61npr+8c::Kc+82)d3x>,
Q

where we use the notation ¢ :: K¢ = 8¢ K(.,.jk,. The kernels K, and K, are defined by

K,=— / pst(—t)-d%s(¢)dt,

= —stT(—t)Vs(t)dt
and

8% = /s‘f - 8f dr.
As 1t stands, eq. (20) 1s not useable because i1t involves an ensemble average (-). sesespsksksk

1 —
Sy = —5- <// (—a)28psT-s+VsT:8c:Vs—sT-(Sf)d3xda)>.
T

In the frequency domain, the adjoint source (33) becomes

f1(x, w) = [0’ A(CP)(w)s*(0)8(x — xP) + D" A(CP¥)(w) s*(w) §(x — x¥)].
Thus the adjoint wavefield 1s

sT(x, w) = / Gx, X;w)- (X, w)d’x

= [A(C*) () D" - s*(x*, 0) G(x, X*; w) - B + A(CP*)(w) D’ - s*(xP, 0) G(x, X*; w) - D* ].
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2 civearore 3. The principle of noise tomography

sT(x, w) = / Gix, X;w) - fI(x, w)d’x
= [A(CYP)(w)D* - s*(x*, 0) G(x, X*; w) - + A(CP*) () D’ - s*(xF, 0) G(x, x*; @) - P*].

S = —— </ (— a)z(S,os S; +Vs 8¢ jke V,\sg—s 8f)d3xda)>

</ff/ {_w28p Caﬂ \) G:lp(x X)Gm(x Xﬁ)\)

+A(CP) 98 G (3P X) Gy (x,x*) D] Gy (x. X)

mp

+3c,-j,\,e[ (C"ﬂ) G (x*, X))V, Gj,,(x,xﬁ)f)f

mp
AFEEEEEEEER

+A(CP) 0P G (X X) Vi G (X, X9) D ] Vi G (x, X7 fof (X)) fo (X)) x d*X’ d*x” da)>

mp

<fff A(C*PY D G:,p(x X)) Gin(x, xﬁ)v

A(CP)E GE (P, X)) Gin(x, x%) D71 f;(x’)af,-(xid3xd3x’dw>.

mp

27
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Now we can take the desired ensemble average to obtain

|
o =5 ff/ {—?8p[A(C) B G, (X, X) G (x, XP) D
T

+ A<Cﬁa> {)nﬁ] G:II)(Xﬂ’ x/) Gin(x’ Xa) ‘3:] Gi([(X9 x,)
I N . I I -

+ 8¢k [A(CP) D2 G (x*, X )V, G (x, xP) DF

mp J

+ A(CP)DEGr (X X)) Vi G (X, x¥) D2 ] Vi Gy (x, X))} S, (X', 0) dx &X' do
I I .

m mp

1
+ — // [A(CP) D G (XY, X) G (X, XP) Df
21 !

+ A(CP) DE GE (X, X) Gy (x, X%) D2]88,:(X, w) dx dw,

m mp

To bring this into a more practical form, let us define the source

F(x, w) = G (x, x5 0) v Si(x, ). (in reverse time)
The corresponding wavefield is

(The cross-correlation function, regular

"Field, equivalent correlation with two fields)
28

PU(x, w) = / G(x, X;w) - F'(X,0)d’x
Q
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< sienrore 3. The principle of noise tomography

Now we can take the desired ensemble average to obtain

/f/{ @ &OLA C"ﬂ vm G:Ip(x X)Gzn(x Xﬁ) Vﬁ

+A(CP) 08 G (X, X)) Gy (x, X¥) DY ] Gy (x, X)

mp
I . I .. I N - I N -

+8cijne| A (Caﬂ) .G, (X" X) VG, (x, x") D]

mp

+ ACP)DEGr (XP LX) Vi G (x, x¥) DY ] Vi Gy (x, X)) S%(yiaicﬁxd&’ dw

”I mp

+LH // [A(C“ﬁ) DY mp(x X) G, (X, xﬂ)vﬂ
+ A(CP) P GE (X, X) Gy (X, X) D] 8S,(X, 0) dx do,

mp

Next, we define the adjoint source

F'(x, w) = 3" A(C*)(0) 8(x — x”). ( The “ adjoint ” source at location x* )

The associated adjoint wavefield is
@' (x, w) = [G(x,X’;w)-FT“"(X’,w)d3X’- ( The “ adjoint *field at location x”)

29
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2 siwearore 3. The principle of noise tomography

1
ox = . /f [—a)23,0 (‘D,Taﬁq’(ix + q’jﬁa(b?) + d¢ijke (Viq);r-aﬂvkq’(ex + Vi(bj'ﬂa qu)?)] d*x do
- | | |

|
+ // (cb,.*"ﬁ SF* + @ F® 5F,.") x do,
27
where
SE(x, w) = G_"/‘.k(x, X w) v 88;(X, w).

Finally, again using Parseval’s theorem, the change in the misfit may be written in the form
I I S .-

Sy = | (§lnp (K Sc:: s§x))d? ) ]
* fg( np k) toen R +OXNEX Fe in reverse

where we have defined the ensemble kernels

(Kp) = — / p (@1 (=) - 97 @ (1) + @17 (—1) - 97 @F (1)) dr,
(K,) = _/ [VOTB(—1) VO (r) + VO P2 (—1) V()] dt,
and

(8%) = /[qﬁ“ﬂ(—t) SF(t) + ®TF*(—1) - 8FF(1)] dr. 0
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(K,) = —/,0 [@T“F(—1) - 0] ®*(t) + ®TF*(—1)- 8] ®F(1)] dt

(K) = —/ [VOTP(—1) VO (1) + VO /*(—1) VO (1)] dt,

and where

(8%) = / [@T“F(—1) - SF*(t) + ®TFP*(—1) - SFP ()] dt

The calculation of (27)—(29) requires access to two types of wavefields:
®* and ®” in regular time, 7, and ®'** and &' in reverse

time, —¢. The ‘ensemble forward wavefield” ®* is generated based upon the source

Y. ®P(xY, 1) = v . dU(xP, —1),

Each kernel consists of the contribution of ¢* and Cc*
31
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Workflow

The following steps are involved in the construction of ensemble event kernels (91)-(93) for terrestrial noise cross-correlation tomography.

(1) Characterize the ensemble-averaged noise, namely §;;(x, ) in (14).

(11) For each point of interest x“, calculate the generating wavefields n°(x, ) based upon eq. (31), and store them as a ‘movie” ‘at locations
where the noise is non-zero’,

(11) Generate the source F* given by (32), which is needed for the calculation of the ensemble wavefield @

(iv) For all pairs x* and x”, calculate the theoretical ensemble cross correlation (C*)(f) based upon expression (38).

(v) Determine a measure of the difference between observed and simulated ensemble cross correlations. This could be the waveform
difference between simulated and measured positive/negative ensemble cross-correlation branches, traveltime delay measurements between
simulated and measured ensemble cross correlations in both the positive and negative branches, etc. This forms the data set.

(vi) Construct the adjoint source F' given by (89), which is needed for the calculation of the ensemble adjoint wavefield 1.

(vii) Generate the ensemble event kernels (91)-(95) based upon a combined calculation of the wavefields ®%(x, £) and @'(x, 1) (see
Liu & Tromp 2006).

(vii) Add the ensemble event kernels to obtain the gradient of the misfit function.

Based on symmetric properties of regular fields and adjoint fileds, we just need

three forward modelings
32
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Workflow(Specfem3D)

 Step 1: simulation for generating wavefields

SIMULATION_TYPE = 1
NOISE_TOMOGRAPHY = 1
SAVE_FORWARD (not used, can be either .true. or .false.)

* Step 2: simulation for ensemble forward wavefields
SIMULATION_TYPE = 1

NOISE_TOMOGRAPHY = 2
SAVE_FORWARD = .true.

» Step 3: simulation for ensemble adjoint wavefields and sensitivity kernels
SIMULATION_TYPE = 3

NOISE_TOMOGRAPHY = 3
SAVE_FORWARD = .false.

Note Step 3 is an adjoint simulation, please refer to previous chapters on how to prepare adjoint sources and
other necessary files, as well as how adjoint simulations work.
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1.Full waveform inversion

1 2
- NoB /[(Cdﬂ)sil1l - (Cdﬂ)obs] dz,

where
N = / (CPY2, dt.

This would result in the ensemble adjoint source

X

Ftef(x, 1) = " A(CP)(1)8(x — xP)/N.
2. Travel time inversion
1
= — (AT,
x =3 )
which would result in the ensemble adjoint source

FIP(x, 1) = =" AT (CoP) (1) 8(x — x") /N,
N,aﬁ = f [(C&ﬂ)sim]z dr.
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2 Siverrore 4, 2-D examples

pdjs =V - (uVs)+ f.

Gx.Xiw) =Y (0} —a?) " si(x)si(x),

k
or in the time domain

G(x,x;t)= Zsk(x)sk(x')w,:' sin(wyt) H(t),
(CPY(w) = /G(x, X% w) G*(x, X ; w) S(w) d*x
_ fz (0 — ) 505D (0 —0?) " se®sp(x”) S(w) dx.

Now we assume that the density p is constant, and use mode orthonormality (58):
o - -2 o
(C) @) =p~" Y (0f — )" s (x*) 53 (x") S().
Gx.X10) = 20) 9,6 X;0) = Y (0] — 0?) " si(x)si(x),
k
which has the time domain expression

G(x, x';t) = ; Zsk(x)sk(x’)w,:3 sin(wyt) H(t).
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sivcarore 4, 2-D examples

(CP)w)=p"' Qw)",G(x", x"; ) S(w).

Then,
OU(x, w) = / G(x,x;0) G*(X,x";0) S(w)d*x = p ' Qw) '9,G(x, x*; ) S(w),

TP (x, w) = G(x, x*; w) ACP)(w).

Model Configuration Source Time Function

05
[\
20f o /1]
€ v p 8 o |
§, 0 & s %_ ||
> € -05 i |
-20f < \
\“
-80 -60 -40 -20 0 20 40 60 80 _10 ] 10 20 30 40 50
() X (km) (b) Time (s)
10~ Comparison of seismograms .10®  Comparison of Ensemble Cross Correlations
‘ T T T T h s C 2 T T T T &
- analytical o ' analytical
é 05t numerical E s "\l numerical ||
(]
8 0 g 0 \ | ‘\
%. O [V
|
@ 05| @ 1} f
a) g
1 ' O L ‘
0 10 20 . 30 40 50 60 -60 -40 -20 ) 0 20 40
(c) Time (s) (d) Time (s)



oted(—1) —p®1e4 ()87 (1)




P TECHNOLG
3 NIVERSITY

etie(—1) —p@tie (—0)3} 7 (2)




@ NANYANG

TECHNOLOGICAL

UNIVERSITY . . .

sivearore 3, The principle of noise tomography

Some important operators

39



ECHN

NIVE




ECHN

NIVE




"% TECHN

OLC
=) UNIVERSITY




