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Background

Design an Algorithm — Fast marching

Purpose
1 Time complexity.
2 Convergency.
3 Accuracy.

1 Equation: simplification, factorization, . . . .
2 Iteration scheme: Gauss-Seidel, Gudunov, . . . .
3 Difference scheme: Higher orders, switch, staggered grid, multi-stencils, . . . .
4 Mesh: ?
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Background

Mesh Design

1 2D: Square → Triangle.
2 3D: Cuboid → Tetrahedral.

Achievements
1 Nonlinear phase.
2 reflection and refraction waves.
3 complicated subsurface geometry.
4 increasing cell volumes.
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Tetrahedral mesh

Figure 1: from rectangular mesh to triangle mesh

from rectangular mesh to triangle mesh

t(D) = t(A) + ξ(t(B)− t(A))
t(C) = t(D) + s|D⃗C |
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Tetrahedral mesh

Figure 2: triangle mesh

triangle mesh

tC (ξ) = tA + ξ(tB − tA) + s
√

c2(ξ − ξ0)2 + ρ20
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Tetrahedral mesh

Figure 3: triangle mesh

triangle mesh

dtC (ξ)

dξ = (tB − tA) +
sc2(ξ − ξ0)√

c2(ξ − ξ0)2 + ρ20
= 0
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Tetrahedral mesh

triangle mesh

(ξ − ξ0) = ± ρ0(tB − tA)

c
√

s2c2 − (tB − tA)2

ρ = ∓ scρ0√
s2c2 − (tB − tA)2

tC = tA + (tB − tA)ξ0 +
ρ0
√

s2c2 − (tB − tA)2

c
t = min{tC , tA + s|A⃗C |, tB + s|B⃗C |}
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Tetrahedral mesh

Figure 4: triangle mesh

upwind condition

0 < ξ < 1

w2 = s2c2 − (tB − tA)
2 ≥ 0
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Tetrahedral mesh

Figure 5: tetrahedral mesh

objective function

tD(ξ, ζ) = tA + (tB − tA)ξ + (tC − tA)ζ + sρ
ρ2 = |(ξ − ξ0)⃗c + (ζ − ζ0)b⃗|2 + ρ20

= c2(ξ − ξ0)
2 + b2(ζ − ζ0)

2 + 2bc cosα(ξ − ξ0)(ζ − ζ0) + ρ20
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Tetrahedral mesh

Figure 6: tetrahedral mesh

optimized solution

∂tD
∂ξ

= (tB − tA) +
s
ρ
(c2(ξ − ξ0) + bc cosα(ζ − ζ0)) = 0

∂tD
∂ζ

= (tC − tA) +
s
ρ
(b2(ζ − ζ0) + bc cosα(ξ − ξ0)) = 0
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Tetrahedral mesh

Figure 7: tetrahedral mesh

optimized solution

(ξ − ξ0) =
(tB − tA)b2 − (tC − tA)bc cosα
(tC − tA)c2 − (tB − tA)bc cosα (ζ − ζ0)
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Tetrahedral mesh

Figure 8: tetrahedral mesh

optimized solution

(ξ − ξ0) = −|(tB − tA)b2 − (tC − tA)bc cosα|ρ0
w̃bc sinα

(ζ − ζ0) = −|(tC − tA)c2 − (tB − tA)bc cosα|ρ0
w̃bc sinα

w̃2 = s2b2c2 sin2 α− (tB − tA)
2b2 − (tC − tA)

2c2

+ 2(tB − tA)(tC − tA)bc cosα
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Tetrahedral mesh

Figure 9: tetrahedral mesh

optimized solution

tD = tA + (tB − tA)ξ0 + (tC − tA)ζ0 +
w̃ρ0

bc sinα

t = min{tD , tA + s|A⃗D|, tB + s|B⃗D|, tC + s|C⃗D|}
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Tetrahedral mesh

Figure 10: tetrahedral mesh

upwind condition

0 < ξ < 1

0 < ζ < 1

0 < ξ + ζ < 1

w̃2 = s2b2c2 sin2 α− (tB − tA)
2b2 − (tC − tA)

2c2

+ 2(tB − tA)(tC − tA)bc cosα ≥ 0

Qi Yingyu Supervisor: Prof. Tong Ping (Nanyang Technological University, Singapore)Mesh Design for Fast Marching Method 16 / 23



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Numerical results

Outline

1 Background

2 Tetrahedral mesh

3 Numerical results

4 Conclusion

Qi Yingyu Supervisor: Prof. Tong Ping (Nanyang Technological University, Singapore)Mesh Design for Fast Marching Method 17 / 23



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Numerical results

Mesh cell
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CPU time
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Conclusion

Conclusion
• extend the Fast Marching Method for use on unstructured 3-D tetrahedral

grids.
• first-order accuracy or worse if obtuse dihedral angles exist.
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Conclusion

Thank you!
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