
Geophysical Journal International
Geophys. J. Int. (2014) 199, 113–135 doi: 10.1093/gji/ggu246

GJI Seismology

A comprehensive dispersion model of surface wave phase and group
velocity for the globe

Zhitu Ma,1 Guy Masters,1 Gabi Laske1 and Michael Pasyanos2

1Scripps Institution of Oceanography, University of California San Diego, La Jolla, CA 92093, USA. E-mail: z1ma@ucsd.edu
2Lawrence Livermore National Laboratory, Livermore, CA 94551, USA

Accepted 2014 June 25. Received 2014 June 23; in original form 2013 December 15

S U M M A R Y
A new method is developed to measure Rayleigh- and Love-wave phase velocities globally
using a cluster analysis technique. This method clusters similar waveforms recorded at different
stations from a single event and allows users to make measurements on hundreds of waveforms,
which are filtered at a series of frequency ranges, at the same time. It also requires minimal
amount of user interaction and allows easy assessment of the data quality. This method produces
a large amount of phase delay measurements in a manageable time frame. Because there is a
strong trade-off between the isotropic part of the Rayleigh-wave phase velocity and azimuthal
anisotropy, we include the effect of azimuthal anisotropy in our inversions in order to obtain
reliable isotropic phase velocity. We use b-splines to combine these isotropic phase velocity
maps with our previous group velocity maps to produce an internally consistent global surface
wave dispersion model.
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1 I N T RO D U C T I O N

Surface waves are the dominant signals in long-period seismograms
for shallow earthquakes. They can be easily identified, and they
allowed early investigators to identify large-scale geological struc-
tures (e.g. Brune 1969; Dorman 1969; Knopoff 1972). With the
rapid growth of digital seismic data, surface wave dispersion can
now be routinely measured on a global scale. Unlike body waves,
which travel nearly vertically at shallow depths, surface wave dis-
persion measurements and the resulting phase and group velocity
maps become essential data sets to constrain shallow upper-mantle
structure in recent global mantle models (e.g. Masters et al. 2000;
Kustowski et al. 2008; Ritsema et al. 2011).

For global studies, most of these dispersion measurements are
made by comparing synthetic and recorded seismograms either in
the frequency domain (e.g. Laske & Masters 1996; Montagner &
Tanimoto 1990) or in the time domain (e.g. Trampert & Woodhouse
1995; Ekström et al. 1997). Because these methods examine one
record at a time, automatic measurement techniques are needed
and various objective choices of quality control criteria have to
be included. In contrast, our earlier paper (Ma & Masters 2014)
presents a new method to measure group velocity by comparing
bandpass filtered seismograms recorded at different stations from
different parts of the globe. This method allows analysts to visually
examine each record while maintaining high efficiency in making
measurements. The first goal of this paper is to further develop this
method to measure phase velocity.

The second goal of this paper is to present reliable isotropic phase
velocity maps over a broad frequency range for both Rayleigh and
Love waves. Even though our final purpose is to use these maps

to constrain 3-D crust and mantle structures, these 2-D surface
wave dispersion maps are useful by themselves (e.g. for estimat-
ing earthquake moment tensors Ekström et al. 2012). However, as
demonstrated in Ekström (2011), there are strong trade-offs between
isotropic and azimuthal anisotropic signals. We show again that this
is true and azimuthal anisotropy must be modelled together with
isotropic signals in order to obtain reliable phase velocity maps.

The third goal is to present a dispersion model parametrized with
equally spaced b-splines in the frequency domain, to explain both
our group and phase velocity maps, which are made separately and
independently at different frequencies. Such a spline model provides
an internally consistent description of the dispersion characteristics
of surface waves globally.

Because the main purpose of this paper is to provide reliable esti-
mates of isotropic phase and group velocity maps, the scope of this
paper is limited. We will only discuss phase delay measurements,
although amplitude perturbations can also be measured using our
methods,. We use ray theory throughout this paper but other theo-
ries, for example, finite frequency theories (Zhou et al. 2004), can
be used to model our data set. The pattern and reliability of az-
imuthal anisotropic structure will be discussed in more detail in a
future paper.

2 M E A S U R E M E N T T E C H N I Q U E

2.1 Pre-processing

We collect all long-period waveform data available from the In-
corporated Research Institutions for Seismology (IRIS) from 1988
to 2007 for events with mb or Ms ≥ 5.5. Broad-band data from
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114 Z. Ma et al.

Figure 1. An example of synthetic waveforms after the pre-processing stage for one single event (2000 May 5). This example is for 10 mHz Rayleigh waves
and there are 318 waveforms. Synthetics are calculated using fundamental modes only. The horizontal axis is the time axis from −1000 s to 1000 s. The centre
of the screen, which is marked by a vertical yellow line, is the predicted arrival time from the PREM model. Each trace is the waveform for one station and
sorted by epicentral distance. Note that all traces have almost identical shapes, which makes clustering and cross-correlation feasible. The largest peaks from
all traces align well at the predicted arrival time.

temporary deployments in the Southern Hemisphere, the Hawaiian
PLUME experiment and the POLARIS array in northern Canada
are also included to improve coverage. We measure Rayleigh-wave
dispersion on vertical components and Love waves on transverse
components. Only minor arc waveforms are used.

We first transform our data to the frequency domain and apply a
narrow bandpass Gaussian filter:

H (ω) = exp

[
−α

(
ω − ωm

ωm

)2
]

, (1)

where ωm is the centre frequency of the filter and α can be expressed
in terms of the relative bandwidth BAND and the decay rate β

through α = β/BAND2 [eq. 2.5 in Dziewonski et al. (1969)]. We
set BAND = 0.25 so that the bandwidth at 20 mHz is 5 mHz. And,
we use β = 3 in this paper.

After filtering, the surface wave spectrum u(ω) can be written as

u(ω) = H (ω)A(ω)exp[iφ(ω)], (2)

where A(ω) and φ(ω) are the amplitude and phase at frequency ω,
respectively. Unlike Ma & Masters (2014), which deals with the
envelopes of u(ω), in this paper we are mainly interested in the part
of the phase information φ(ω) that is caused by the propagation of
surface waves in the 3-D Earth. However, φ(ω) is affected by other
factors, and we introduce a phase correction, φc, to correct for these
effects:

φc = π

4
− φr (ω) − φs(ω) + ω�

[
1

c(ω)
− 1

c(ωm)

]
, (3)

where π/4 is the static phase for minor arc surface waves (e.g. see
eq. 11.23 in Dahlen & Tromp 1998), φr is the instrument response,
φs is the source phase for each source–station pair, � is the dis-
tance between this source–station pair and c(ω) is the average phase
velocity along this path at frequency ω.

After filtering and correcting for φc, we transform u(ω) back to
the time domain, shift the time-series according to the predicted
arrival time

t0 = �

c(ωm)
=

∫ �

0

dl

c
, (4)

and plot them on the screen. Fig. 1 shows an example of the syn-
thetic data for 10 mHz Rayleigh waves. Note that all traces have
almost identical shapes in this example, which makes the clustering
and cross-correlation method feasible. For real data at frequencies
higher than 10 mHz, existing 2-D phase velocity maps (Ekström
2011) are needed for this shifting in order to avoid cycle skipping.

Various terms in eq. (3) need further explanations. The source
phase φs for each source–station pair is calculated using PREM
(Dziewonski & Anderson 1981), centroid locations and centroid
depths published on the global CMT website (globalcmt.org;
Dziewonski et al. 1981; Ekström et al. 2012). Because we are
comparing real waveforms recorded at different stations instead
of comparing them with synthetics, a subtlety arises when calcu-
lating the source phase correction. This problem arises from the
fact that using a first-order approximation to the Associated Legen-
dre functions can actually generate a small but observable bias in
our measurements at frequencies lower than 10 mHz. As far as we
know, this subtlety is not described in any standard textbooks, so
we include a more detailed discussion about it in the Appendix.

We call the last term in eq. (3) the ‘undisperse’ term, which
corrects for the effect of dispersion so waveforms from different
epicentral distances have similar shapes. Its meaning can be clearly
seen when we process synthetic waveforms with and without it
(Fig. 2). Waveforms are filtered at 10 mHz and aligned at the pre-
dicted arrival time t0 using the phase velocity from PREM. When
measuring phase, we are not tracking the arrivals of the peak ener-
gies (those correspond to group velocity), but the arrivals of peaks
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Global surface wave dispersion model 115

Figure 2. The effect of the ‘undisperse’ term on synthetic seismograms. Synthetics are calculated for a single event [event ID 010100B (globalcmt.org)] using
fundamental modes only. Seismograms are filtered at 10 mHz and processed as described in the paper, with and without the ‘undisperse’ terms. Each trace
represents one record from one station, sorted by epicentral distance. Time zero represents the predicted arrival time using phase velocity from PREM.

and troughs. For waveforms processed without the undisperse term,
the amplitudes of the correct peaks that we are measuring (the
ones at time 0) become smaller and smaller as epicentral distance
increases, especially when compared with the maximum peak in
each trace. For waveforms processed with the undisperse term, the
correct peaks have the largest amplitudes and are easy to identify.
More importantly, because the waveforms now have almost identi-
cal shapes, it makes the clustering and cross-correlation technique
feasible.

For frequencies higher than 20 mHz, we find it necessary to cal-
culate c(ω) in eq. (3) for each path using a 3-D earth model or
existing 2-D phase velocity maps (Ekström 2011). Fig. 3 shows one
example for the real data. This example is for a single event (event
ID 010500C) and only a small number of stations are plotted to
demonstrate the process. Waveforms are aligned according to the 2-
D phase velocity map. Waveforms processed with the ‘undisperse’
terms with 2-D phase velocity maps are more likely to have large
peaks centred on the screen, compared to the ones calculated by
using 1-D PREM. This makes it easier to group waveforms into
one large cluster instead of several small ones, which makes cluster

analysis faster and the estimation of cluster times more reliable (see
later). We should also note that the arrival times of the peaks and
troughs remain the same, indicating that the phase arrival times are
not sensitive to the dispersion model we use. The only exception is
station KRIS and the amplitude of the desired peak is so small that
it is hard to identify and to be used for later analysis. The reason is
that its ray path crosses the slowest anomaly (Himalayas) in the map
and PREM is too far away from the real structure in this region. We
also note that for real seismograms, the correct peaks do not nec-
essarily have the largest amplitudes as shown before for synthetics
due to noise and the uncertainty of the real dispersion curve c(ω),
but the enhancements are always effective and allow us to identify
the correct peaks easily. This idea of correcting for a good estima-
tion of starting models before making measurements is similar to
Dziewonski et al. (1972), which helps to reduce measurement error.

Stations known to have incorrect polarities and orientations are
corrected. Love waves are not measured on the PLUME data set
because of the uncertainties of the alignments of ocean bottom
instruments. Stations with known timing errors are also excluded at
this stage.
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Figure 3. The comparison between waveforms processed using a 2-D starting model (Ekström 2011, black) and 1-D PREM (red) for the ‘undisperse’ term
on the left-hand side. The centre of the figure (marked by a green dash line) is the estimated arrival time from the 2-D starting model. On the right-hand
side shows the paths for all traces and the colour of each path indicates the arrival time of the maximum peak of each trace processed with PREM (units are
seconds). Background colour map is a phase velocity map for 25 mHz Rayleigh wave, with red indicating slow and blue indicating fast velocity perturbations.
Note that the traces calculated from the 2-D starting model are more likely to have the peaks of waveforms centre on the screen and this makes it easier for the
cluster analysis. However, the arrival times of the peaks and troughs of each trace do not change regardless of the starting model we use, indicating that our
measurements of phase arrival times are not sensitive to the starting model. The only exception is station KRIS, whose path crosses the slowest anomaly (the
Himalayas) on the map.

2.2 Cluster analysis

We first manually choose windows for cross-correlation for a few
months of data for each frequency on screens similar to Fig. 1.
The windows we choose for each frequency are very consistent,
and typically cover four to five cycles. Then the same windows are
applied to all other events.

Cross-correlation functions for every trace with every other trace
with the ratio of the signal power to the noise power greater than nine
are then calculated and the maximum positive peaks that represent
the differential times are identified. It is important to limit how much
each record can be time-shifted in the cross-correlation analysis. We
have found that we must limit time-shifts to less than 0.6 of a cycle
to avoid cycle skipping. This is why it is important to pre-shift
records using an existing phase velocity map (eq. 4).

A time domain method as described in VanDecar & Crosson
(1990) is then used to determine the relative traveltimes among
all traces for one event. This method tends to underestimate the
real errors in the measurements. By examining similar paths for
which the starting and ending points are less than 4◦ apart (roughly
1 wavelength), we determine an error of about 4 s. Although the
long-period data have slightly larger errors than short-period data
(e.g. 4.0 s for 10 mHz and 3.2 s for 20 mHz), we find that using
an error of 4 s for all frequencies is sufficient for our purpose.
According to the similarities between traces as measured by the

cross-correlation coefficients, the clustering algorithm in Hartigan
(1975) is used to generate clusters and cluster trees.

Fig. 4 shows one example of clustering of waveforms. Waveforms
are shifted according to their relative arrival times and plotted on
the left. The corresponding cluster tree is plotted on the right. Users
can then use the mouse to choose an appropriate cut-off value as
described in Ma & Masters (2014). The vertical yellow line indicates
an appropriate choice for this example. Distorted and noisy records
can also be identified and discarded at this stage. The fact that we
can process hundreds of waveforms at one time makes this method
very efficient and we have very good quality control on our data.
After clusters are identified, relative traveltimes among traces within
the same cluster are then calculated again and stored.

We use this technique to make clusters manually between 10 and
35 mHz for Rayleigh and Love waves, in steps of 5 mHz. In addition,
we make measurements for Rayleigh waves at 5 and 7.5 mHz, and
for Love waves at 7 mHz. Other frequencies are made automatically
using clusters from nearby frequencies. For example, measurements
at 12.5 mHz are made using clusters from 10 and 15 mHz. We have
nearly 600 000 measurements for low-frequency Rayleigh waves
and 200 000 for Love waves. Measurements at high frequencies
are harder to make, but we still have 280 000 measurements for
Rayleigh waves at 35 mHz and 100 000 for Love waves at 30 mHz
(Table 1).
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Global surface wave dispersion model 117

Figure 4. An example of the clustering of waveforms, which are shifted according to their relative arrival times and the corresponding cluster tree. There are
114 waveforms in this example. Users can use their mouse to click on the cluster tree on the right to choose an appropriate cut-off value. The vertical yellow
line indicates a reasonable value for this example, which will generate three separate large clusters of clean records. Note that the distorted and noisy records
can also be easily rejected at this stage without pre-screening the data.

2.3 Converting relative traveltime to absolute traveltime

Unlike making group velocity measurements where clear peaks can
be used as proxies for the absolute times, a more sophisticated
approach is needed to convert relative times to absolute times when
measuring phase. We introduce the ‘cluster time’ tcluster for each
cluster to shift the relative time trel we get in the previous section to
obtain absolute time tabs by using the following equation:

trel − tcluster = tabs. (5)

If we further set tabs = t3D + t1D, where t3D and t1D are the contribu-
tions to traveltimes from the 3-D and 1-D parts of Earth structures,
respectively, eq. (5) can be rewritten as

trel − t3D = t1D + tcluster

= d · s̄ + tcluster, (6)

where t3D can be estimated from phase velocity maps inverted from
relative times. We can then solve for a single unknown parameter
s̄ (mean slowness for each frequency) and tcluster for each cluster.
Errors introduced in this step are

σ = median|trel − t3D − d · s̄ − tcluster|
0.6745

√
n

, (7)

where n is the number of traces in the cluster. The coefficient 0.6745
is used so that the scaled median absolute deviation is a consistent
estimation of the standard deviation. Cluster times for small clusters
are not well resolved because of the trade-off between t3D and tcluster.
We discard clusters with less than five traces.

We compare the phase delay data collected by this method with
the data collected in Ekström et al. (1997) and Ekström (2011).
Fig. 5 shows an example for 10 mHz Rayleigh and Love waves.
For Rayleigh waves, the standard deviation of the differences in
phase delay times is about 4.5 s, slightly larger than that for Love

waves, which is 3.8 s. Both of these are close to our estimated
measurement errors (4 s) and are much smaller than the signals we
are modelling, which can exceed 80 s in some cases. We do note
that there is an average offset of about 1.5 s for Rayleigh waves.
This may lead to 0.06 per cent discrepancy in the 1-D average phase
velocity (assuming the dominant path length is 90◦), which is small
and has negligible effect on the resulting 3-D tomography maps.
Because of the consistency among these data sets, we include the
data collected by Ekström et al. (1997) and Ekström (2011) at the
overlapping frequencies (5, 10, 20, 25 mHz) in our inversions later.
Inversions done with our data set alone give very similar results.

3 I N V E R S I O N S

3.1 Theory

Our model is parametrized as 41 252 equal area blocks with the size
of 1◦ × 1◦ at the equator. In ray theory, the arrival time anomaly δt
is

δt = sref

∫ �

0

δs

sref
dγ, (8)

where the integral is over the minor arc path connecting each source–
station pair, and δs/sref is the relative perturbation in slowness for
each block.

In a slightly anisotropic medium, δs includes both an isotropic
term and azimuthal anisotropic terms (Smith & Dahlen 1973)

δs = δs0 + A1cos(2φ) + A2sin(2φ) + A3cos(4φ) + A4sin(4φ),

(9)

where φ is the azimuth along each path. There are numerous debates
on which terms can be resolved for Rayleigh and Love waves.
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Table 1. Detailed information for our phase velocity data sets and inversions. Each column is: wave type, frequency (mHz), number of
measurements, 1-D reference velocity (km s−1) used in inversion (1/s̄ in eq. 6), cut-off value for outliers (s), χ2/N for isotropic inversions,
variance reduction, resolution for the globe with 60 per cent of the amplitude recovered, resolution for the globe with 90 per cent of the
amplitude recovered, resolution for Eurasia with 60 per cent of the amplitude recovered, resolution for Eurasia with 90 per cent of the amplitude
recovered, χ2/N for anisotropic inversions and 1-D averages from our spline model. Measurements with a symbol p are the frequencies we
manually pick, while those without the symbol p are calculated automatically from nearby frequencies.

Freq Num 1-D ref Cut χ2
iso/N vred G60 per cent G90 per cent E60 per cent E90 per cent χ2

ani/N 1-D avg

R 5 282861(p) 4.5791 40 2.14 0.663 9.0 10. 6.7 7.2 2.01 4.5781
R 7.5 478104(p) 4.2333 40 1.89 0.876 7.2 8.2 5.5 6.0 1.80 4.2334
R 10 555513(p) 4.1110 40 1.66 0.910 6.0 6.7 4.9 5.5 1.54 4.1106
R 12.5 609265 4.0548 40 1.73 0.945 6.7 7.2 4.9 5.5 1.58 4.0550
R 15 603048(p) 4.0230 40 1.84 0.956 6.7 7.8 5.1 5.5 1.71 4.0231
R 17.5 594520 4.0049 35 1.46 0.967 6.7 7.8 5.1 5.5 1.39 4.0052
R 20 400178(p) 3.9901 30 1.22 0.940 6.0 6.7 5.1 5.5 1.15 3.9896
R 22.5 525158 3.9773 30 1.08 0.979 6.7 7.2 5.5 6.0 0.95 3.9793
R 25 414328(p) 3.9670 30 1.33 0.970 5.6 6.7 5.5 6.0 1.24 3.9655
R 27.5 489399 3.9537 25 0.87 0.990 6.7 8.2 5.5 6.0 0.79 3.9543
R 30 320101(p) 3.9387 25 0.77 0.994 7.8 9.0 6.7 7.8 0.72 3.9387
R 32.5 403377 3.9229 25 0.77 0.995 7.8 9.0 6.7 7.8 0.70 3.9226
R 35 282349(p) 3.9049 25 0.78 0.996 9.0 10. 7.8 9.0 0.73 3.9048
L 7 136201(p) 4.7651 45 2.65 0.861 10.0 12.0 7.2 9.0 4.7650
L 8 176961 4.7177 40 2.16 0.900 9.0 10.6 6.7 7.8 4.7179
L 9 199698 4.6808 40 2.04 0.917 8.2 9.0 6.7 7.8 4.6811
L 10 194015(p) 4.6511 40 1.84 0.912 7.2 9.0 6.7 7.2 4.6512
L 12.5 240299 4.5980 40 1.75 0.941 7.8 9.0 6.7 7.2 4.5981
L 15 171613(p) 4.5580 35 1.60 0.953 10.0 10.6 7.2 7.8 4.5584
L 17.5 215801 4.5252 30 1.21 0.970 9.0 10.0 6.7 7.2 4.5254
L 20 145058(p) 4.4955 30 1.35 0.969 8.2 9.0 6.7 7.8 4.4948
L 22.5 219064 4.4668 30 1.09 0.988 9.0 10.0 6.7 7.8 4.4669
L 25 151528(p) 4.4399 30 1.47 0.989 9.0 10.6 7.8 10.0 4.4393
L 27.5 194450 4.4120 30 1.18 0.994 10.0 12.0 7.8 10.0 4.4118
L 30 108185(p) 4.3848 30 1.08 0.996 12.0 13.8 10.0 12.0 4.3847

Laske & Masters (1998) suggest their phase velocity data set is
not sensitive enough to resolve any azimuthal anisotropy, while
Trampert & Woodhouse (2003) argue both the 2φ and 4φ terms are
required for Rayleigh waves and the 4φ term is required for Love
waves. In this paper, because we focus mainly on isotropic velocity
and only the 2φ terms for Rayleigh waves have significant impacts
on the resulting isotropic velocity maps (Ekström 2011), we will
only consider the 2φ terms for Rayleigh waves in our inversions and
neglect all other anisotropic terms.

In our inversions, we use two different lateral smoothness param-
eters λ0 and λ for the isotropic and anisotropic parts, respectively,
and we minimize the function:

f = (Am − d)T (Am − d) + λ0(Dm0)T Dm0

+ λ(Dm1)T Dm1 + λ(Dm2)T Dm2, (10)

where A is the matrix that corresponds to the numerical integral of
eq. (8) for all source–station pairs, D is the numerical approximation
to the 2-D Laplacian, m0, m1 and m2 correspond to δs0, A1 and A2

Figure 5. Comparison of the phase delay measurements collected in this study and the measurements collected in Ekström et al. (1997) and Ekström (2011).
The units are in seconds.
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Figure 6. An example of inverted Rayleigh-wave isotropic and azimuthal anisotropic maps at 100 s. Background colours represent the perturbations of
isotropic velocity in percents. Directions and lengths of the red bars represent the fast directions and amplitudes of azimuthal anisotropy. (Top panel): inversion
result for λ = 10000. This is the same as not including azimuthal anisotropy in the inversion. A distinct streak can be seen in the middle of the Pacific ocean.
Other possible artefacts can also be identified in the southern oceans. (Bottom panel): inversion result for λ = 200. The maximum amplitude of anisotropy (the
longest bar) is 0.63 per cent. Note that all artefacts caused by ignoring azimuthal anisotropy in the top panel are successfully removed.

terms for all blocks. Because we consider azimuthal anisotropy only
for Rayleigh waves, the last two terms, m1 and m2, are set to be 0 for
Love waves. The standard LSQR method (Paige & Saunders 1982)
is used for the inversion.

3.2 Trade-off between isotropic and anisotropic signals
for Rayleigh waves

Because there are strong trade-offs between isotropic and
anisotropic signals for Rayleigh waves (Ekström 2011), we have
to include azimuthal anisotropic terms in order to obtain reliable

isotropic velocity maps. An example is shown in Fig. 6. In this ex-
ample, we are solving for Rayleigh-wave phase velocity at 100 s us-
ing our data set. The top panel shows the result of setting λ = 10 000,
which is equivalent to ignoring anisotropy in our inversion. A dis-
tinct streak can be seen in the Pacific, which we suspect is an artefact
resulting from incomplete ray coverage, and other possible artefacts
are found in different places in the southern oceans. These types
of structures can also be found in other studies using surface wave
data sets (e.g. fig. 8 in Houser et al. 2008 and fig. 4 in Ritsema et al.
2011), so they are unlikely to be caused by certain bad measure-
ments in our data set or the details of inversion methods.
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Figure 7. The result of a synthetic test using an anisotropic map for input and the resulting isotropic map. Top panel shows the anisotropic map from Fig. 6,
but the isotropic perturbation is set to be zero. We use it as an input model to calculate synthetic data using eqs (8) and (9). Bottom panel shows the inversion
result from these synthetic data, but only the isotropic part is inverted for. Compared with Fig. 6, we reproduce the artefacts at exactly the same places and
almost identical amplitudes.

Dramatic changes can be seen by simply adding azimuthal
anisotropy. The bottom panel in Fig. 6 shows the inversion result for
the same data set using the same smoothness for the isotropic parts,
but setting λ = 200 for azimuthal anisotropy. Most of the artefacts
we see in the top panel are successfully removed. Note that the
maximum amplitude of anisotropy (

√
A2

1+A2
2) in the figure is only

0.63 per cent. The fact that such a small amount of anisotropy can
cause significant bias in isotropic maps indicates that the azimuthal
anisotropy pattern in the Pacific is likely to be coherent over very

large distances, so that the contributions from anisotropy can be
effectively accumulated to a significant level.

To further demonstrate this trade-off, we use the anisotropic part
of the map we get (bottom panel of Fig. 6) as an input model,
calculate synthetic data from this anisotropy model using eqs (8)
and (9) and invert them for an isotropic map. Fig. 7 shows the result
of this experiment. We successfully reproduce the artefacts we find
in Fig. 6 and conclude that those artefacts are caused by ignoring
azimuthal anisotropy in the inversion.
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Figure 8. Smoothness parameters λ0 used for Love wave at 10 mHz (top
panel) and the resulting error map (bottom panel). Units of the error map
are in per cent.

3.3 Regularization

The choice for λ0 follows the same procedure as described in Ma &
Masters (2014) , with the goal of obtaining uniform model errors
throughout the globe. The error allowed for Rayleigh waves is 0.4
per cent and for Love waves is 0.5 per cent. This method then tries to
apply the smallest possible smoothness for each block. An example
of the resulting smoothness λ0 and error map is shown in Fig. 8.

The choice for λ requires more careful considerations because
the actual amplitude of azimuthal anisotropy of the Earth is still
not well known. Montagner & Anderson (1989) estimate the am-
plitude can be as large as about 4 per cent for Rayleigh waves at
10 mHz for a pyrolite model. However, various global studies using
surface wave data sets estimate maximum amplitudes to reach only
1–2 per cent [see comparison in fig. 1 in Becker et al. (2007)]. We
experiment with different smoothness λ for different frequencies
and calculate the L curves between the fit to the data and the mean
square amplitude of azimuthal anisotropy. Overlapping frequency
(5, 10, 20, 25 mHz) data from Ekström et al. (1997) and Ekström
(2011) are also included. (Inversions done with our data set alone
give L-curves with similar shapes.) We seek the models that best
balance the fit to the data and the complexities of models them-
selves. The result is shown in Fig. 9 and it indicates that smoothness
between λ = 15 and λ = 200 seem to be reasonable choices for all
frequencies.

While the amplitudes of azimuthal anisotropy are different when
we use different values of smoothness for inversions, isotropic ve-
locity perturbations remain rather stable and only a small differ-
ences are found in limited parts of the oceans (Fig. 10). In the maps
inverted using λ = 200, the maximum amplitude for azimuthal
anisotropy is only 0.63 per cent for 10 mHz and 0.58 per cent for
20 mHz. This indicates that while anisotropy should be included to
obtain reliable isotropic maps, only a small amount of anisotropy
is needed to remove artefacts and choices of smoothness do not
have substantial effects on the resulting isotropic maps. Because we
focus on isotropic maps in this paper, we will use λ = 200 for our
inversions. Effects of regularization on azimuthal anisotropic maps,
especially on amplitude, will be discussed in a future paper.

3.4 Tomography results

Figs 11 and 12 show the inverted isotropic maps for both Rayleigh
and Love waves. These tomographic maps are excellent represen-
tations of our large data sets and produce over 90 per cent variance
reduction for most frequencies for both Rayleigh and Love waves.
Details can be found in Table 1. The low variance reduction at
5 mHz is due to the fact that velocity perturbations at this frequency
are rather small. Large-scale features are well resolved in both the
Rayleigh- and Love-wave cases. Slow anomalies are found beneath
orogenic zones and other regions with thick crust, for example, Hi-
malayas and Andes. The Basin and Range province in North Amer-
ica, mid-ocean ridges and backarc basins where the upper mantle is
expected to be warmer than the surrounding regions also show up
as slow anomalies. Cratons can be seen in the low-frequency maps
as regions of anomalously high-phase velocity, for example, Cana-
dian Shield, West African Craton, Congo Craton, Kaapvaal Craton,
Indian Shield, Siberia Craton and Russian Platform. It is also sur-
prising to find that the largest signal in maps with frequencies lower
than 10 mHz is observed in the east African rift, suggesting a very
deep origin (at least 200–300 km) for the anomaly.

We use checkerboard tests to estimate the resolutions of our maps.
We focus on isotropic velocity perturbations in this paper so only
isotropic inversions are used in these experiments. Fig. 13 shows
the results for Rayleigh waves at 20 mHz, which is highly sensitive
to crustal structure. An input pattern is generated using a spherical
harmonic with different degrees of l and m (and we set l = 2m) with
a 10 per cent velocity perturbation. 60 per cent of the perturbation
can be recovered on a global scale for 6◦ pixels, and 90 per cent of
the perturbation can be recovered for 6.7 degree pixels. We also note
that perturbations near the edges of each pixel are not well resolved
in the oceans due to limited ray coverage and smoothing, but sharp
changes of velocity in the ocean on such short scales are not likely
to happen in the real Earth. Recovery of the input signal in Eurasia
is better, with pixel recovery as small as 5◦–5.5◦ because of dense
ray coverage so that less smoothing is required in this region.

An (2012) suggests another way to estimate the resolution of a
general inverse problem. He uses a Gaussian function to parametrize
every row of the resolution matrix and uses random numbers to
probe this matrix. The half width at the half maximum of the Gaus-
sian function is denoted as wi in his study and we consider 4wi as
equivalent to the size of our checkerboard. It is interesting to com-
pare the results from his method with the more traditional checker-
board tests here. An application using our data set for 20 mHz
Rayleigh waves is shown in Fig. 14. The pattern of the resolution
estimated from An’s method matches the pattern from our checker-
board tests very well (see the recovered patterns for m = 30 and 27
for the globe in Fig. 13). Unlike traditional checkerboard test, An’s
method computes the resolution consistently for every part of the
globe and gives a compact way to display the global resolution on a
single map. The consistency of the resolutions estimated by using
An’s method and checkerboard test suggests that the more tradi-
tional checkerboard test is probably not as bad as Lévěque et al.
(1993) suggest.

4 A b - S P L I N E M O D E L T O E X P L A I N
B O T H P H A S E A N D G RO U P V E L O C I T I E S
AT D I F F E R E N T F R E Q U E N C I E S

The work by Larson & Ekström (2001) is among the earliest ef-
forts to relate phase and group velocities on a global scale. They
sample the derivatives of the full dispersion curves, c(ω), which are
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Figure 9. L-curves between χ2/N and the mean square amplitudes A2
1 + A2

2 for different smoothnesses λ and frequencies. Red circles correspond to λ = 15
and λ = 200, representing a reasonable range of λ.

Figure 10. Comparison between the isotropic maps obtained by using different smoothness for 10 and 20 mHz Rayleigh waves. Colours represent perturbations
in per cent.
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Figure 11. Rayleigh-wave isotropic phase velocity with λ = 200 for azimuthal anisotropy. Colours indicate isotropic velocity perturbations with respect to the
1-D average of each frequency.

measured using the method described in Ekström et al. (1997), to
derive group velocity measurements. Ekström (2011) further im-
proves this method and relates phase and group slowness (instead
of velocities) through a simpler linear equation.

Here, we design a model that is constrained by both phase
and group velocity maps, which are inverted independently.
Because our measurements and inversions are done separately
for phase and group velocities and independently at differ-
ent frequencies, this method also examines the internal consis-
tency of our tomographic maps. The isotropic part of phase

velocity c and group velocity U can be related to each other by
using

1

U (ω)
= 1

c(ω)
+ ω · d

dω

1

c(ω)
. (11)

If we use b-spline functions, Bi(ω), to parametrize either the phase
or group slowness, we can calculate the other using

1

U (ω)
=

∑
i

Bi (ω)ai ,
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Figure 12. Love-wave phase velocity. Colours indicate isotropic velocity perturbations with respect to the 1-D average of each frequency. Note that no
azimuthal anisotropy is included in the inversion.

ω

c(ω)
=

∑
i

[∫ ω

ω0

B(ω′)dω′
]

ai + a0 (12)

or

1

c(ω)
=

∑
i

Bi (ω
′)ai

1

U (ω)
=

∑
i

[
ω

dBi (ω)

dω
+ Bi (ω)

]
ai . (13)

These two sets of parametrizations give the same results and we
use eq. (12) in this paper. We also constrain the smoothness of 1/U
by constraining

∫ [
d2

dω2

1

U (ω)

]2

dω=
∫ [∑

i

d2 Bi (ω)

dω2
· ai

]2

dω=
∑
i, j

ai a j Hi, j ,

(14)

where

Hi, j =
∫

d2 Bi (ω)

dω2

d2 Bj (ω)

dω2
dω. (15)

Similar formulations can be found in Trampert & Woodhouse
(1995), where the authors use this parametrization to facilitate their
measurement process. Here we use it to analyse our inverted maps.
It is also more convenient to model δ(1/U) and δ(1/c), which
are the perturbations of group and phase slowness with respect
to PREM, to avoid the problem of the sharp rise of phase velocity at
long periods. We use equally spaced cubic b-splines (Lancaster &
Salkauskas 1986) with knot spacing of 2 mHz. Tests with a model
with CRUST1.0 (Laske et al. 2012) on top of PREM show that this
parametrization is sufficient.

We calculate the spline model independently for each of the
41 252 blocks in our model. The group velocity maps in Ma &
Masters (2014) are used here. However, because they do not include
azimuthal anisotropy for Rayleigh waves in their work, an artificial
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Figure 13. Checkerboard test for Rayleigh waves at 20 mHz. The amplitude of the input checkerboard is 10 per cent. Left-hand panel shows the recovered
pattern where 60 per cent of the amplitude is recovered both globally (top panel) and in Eurasia (bottom panel). Right-hand panel shows the recovered pattern
where 90 per cent of the amplitude is recovered.

streak can be seen in their low-frequency maps (as we have shown
in Section 3.2). We find that re-inverting their data sets using a λ =
1000 for azimuthal anisotropy is sufficient to remove this artefact.
The re-inverted group velocity maps are then combined with the
phase velocity maps to calculate the spline model. The relative
weightings for group slowness, phase slowness and smoothness
are 1.6, 1.0 and 0.1 for Rayleigh waves, and 2.0, 1.0 and 0.05 for
Love waves. While not absolutely necessary, we also constrain the
resulting mean velocities to be close to the values from individual
maps:

1/U (ω) =
∑

i

Bi (ω
′)ai ,

ω/c(ω) =
∑

i

[∫ ω

ω0

B(ω′)dω′
]

ai + a0, (16)

where the averaging is done over all the blocks. We set the relative
weighting between phase and group velocity to be 10–1, because
the mean phase velocity is estimated independently using eq. (6).
Figs 15 and 16 show a set of the predicted Rayleigh and Love maps
from this spline model. Because the model smooths across different
frequencies, these maps are slightly smoother than individual maps
from inversions (Figs 11 and 12).

Figure 14. Resolution map for Rayleigh wave at 20 mHz. The units are in
degrees.

Fig. 17 shows the spline model for nine different locations on
the Earth. Errors for group velocity are 1.0 per cent. Errors for
phase velocity are 0.6 per cent, which is slightly larger than the
estimated error (0.4 per cent) from tomography, but consistent with
errors estimated in Shapiro & Ritzwoller (2002). As a compari-
son, predictions from the GDM52 model (Ekström 2011) are also
plotted. In most cases, the phase velocity values match each other
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Figure 15. Rayleigh-wave phase and group velocity from the spline model.

Figure 16. Love-wave phase and group velocity from the spline model.

well. The group velocities from GDM52 are more oscillatory. This
is probably because the derivatives of the dispersion curves, from
which group velocities are derived, are not as well constrained as
the dispersion curves themselves. Compared to the GDM52 model,
our spline model is able to explain both the phase and group maps
more consistently. Group velocity for the Andes is slightly slower
than the prediction from the spline model. This suggests that ei-
ther our simple ray theory may not work properly or our use of

lateral smoothing produces overshoot near places where sharp ve-
locity contrasts between ocean and thick continents exist. Fig. 18
is an example for Love waves for the same locations. The error for
phase velocity is 0.75 per cent, slightly larger than the one estimated
previously in tomography. Error for group velocity is 1.5 per cent
and is the same as the one from tomography. We should point out
that the high-frequency end (≥27.5 mHz) of Love-wave phase ve-
locity is not always well predicted from our model in some places.
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Figure 17. The spline model for Rayleigh waves for different locations on the Earth. Red bars are our inverted phase and group velocities. Black lines are
estimates from our spline model. Green lines are the GDM52 model (Ekström 2011). Numbers on top of each figure are the corresponding longitudes and
latitudes. In most cases, our phase velocity values are similar to the GDM52 model. While the group velocities from the GDM52 model tend to be oscillatory,
our spline model can explain both phase and group velocities consistently. See text for possible explanations for the misfit in the Andes.

This may indicate that a larger error should be assigned to these
measurements.

5 D I S C U S S I O N

This paper extends the cluster analysis technique described in Ma
& Masters (2014) to measure phase delays for Rayleigh and Love
waves at frequencies ranging from 5 to 35 mHz. The main differ-
ences are in the pre-processing stage where various terms that affect
phase delays need to be corrected for. This method is very efficient
and makes relative phase delay measurements from hundreds of sta-
tions at one time. It only takes about 3–4 d to make a data set for one
frequency. Surprisingly, the resulting phase delay data set is larger
than our group delay data set. This is likely because of our use of a
good starting 2-D model, which allows us to pre-shift our waveform

data to be better aligned and increase the chance to include records
from different stations to form large clusters. In addition, at low
frequencies, the envelope functions of surface waves are so broad
that the envelopes are likely to be distorted by overtones and not
included in our measurements.

Similar to the findings in previous surface wave studies (e.g.
Nishimura & Forsyth 1989; Ritzwoller et al. 2004; Maggi et al.
2006; Burgos et al. 2014), an age-progression trend of both phase
and group velocities in the ocean basins can be clearly seen in our
data set. We bin our Rayleigh-wave velocities in all ocean basins
from our spline model for every 2 Myr of age and plot them as a
function of the square root of age (Fig. 19). The seafloor age model
is taken from Müller et al. (2008). The progression as a function of
the square root of age is a prediction from the half-space cooling
model (Turcotte & Schubert 2002). Error bars are the estimates
of the errors of the mean velocities in each bin. The small overall
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Figure 18. Same as Fig. 17, but for Love waves.

changes in 5 mHz phase velocities indicates that the cooling of the
seafloor has a small effect below a depth of about 250 km (the peak-
sensitive depth for 5 mHz phase velocity). Note that the breakdown
of the simple half-space cooling model (the deviation from a straight
line in the figures) seems to happen earlier and earlier as frequencies
increase. This can be seen more clearly in group velocities, which
are more sensitive than phase velocities to shallow structure.

Binning data from the Pacific only gives the same trend, but
a flattening of velocity in the central Pacific is present around
70 Ma. Fig. 20 compares our results with the phase velocity maps
from Ekström (2011) and Visser et al. (2008). While the veloc-
ity flattenings for Love waves are less consistent, the flattening for
Rayleigh waves can be clearly seen in all three studies. The cause for
this flattening may be a reheating process (Ritzwoller et al. 2004)
or the variation of anisotropy structure in the Pacific (Ekström &
Dziewonski 1998). The absence of such flattening in Maggi et al.
(2006) is probably due to the difference in the inversion technique
(invert directly for Vs versus invert for phase velocity) and requires

further study. The discussion of a physical model that explains our
seismic observations requires sophisticated thermal dynamic calcu-
lations (e.g. Stixrude & Lithgow-Bertelloni 2005; Goes et al. 2013)
and is clearly beyond the scope of this paper. However, we believe
that adding seismic constraints to seafloor topography and heat flow
measurements will give us a more complete understanding of the
seafloor cooling process.

The GDM52 model (Ekström 2011) is an excellent description
of surface wave dispersion over a broad frequency range. The cal-
culation of the ‘undisperse’ term in eq. (3) requires a high-quality
starting dispersion model and GDM52 serves very well for this pur-
pose. We compare our resulting maps presented in this paper with
the GDM52 model. An example for Rayleigh waves at 30 mHz is
shown in Fig. 21. Comparisons made at other frequencies share
similar features. The correlation for phase velocity is well above the
99 per cent confidence level for spherical degree l less than 38 (the
nominal resolution for GDM52) and is above 0.9 for l less than 20
(corresponding to the resolution for the globe with 90 per cent of the
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Figure 19. Rayleigh-wave velocities as a function of the square root of seafloor ages. Data are for all ocean basins. The bin width is 2 Ma. Error bars are the
estimates of the errors of the mean velocities in each bin.

Figure 20. Comparisons of the age-progression trend in the Pacific from different studies. Red: maps from this study; Blue: maps from Ekström (2011); Green:
maps from Visser et al. (2008).
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Figure 21. Correlations between maps shown in this paper and the GDM52
model for group (blue) and phase (red) velocity for Rayleigh waves at
30 mHz. The black lines correspond to the 90 and 99 per cent confidence
levels.

amplitude recovered from the checkerboard test). The correlation
for group velocity is worse, as shown in Figs 17 and 18, but still
above the 99 per cent confidence level for all l. A direct comparison
is shown in Fig. 22, which highlights the differences between the
two models and the improvement of resolution achieved by the work
in this paper.

Finally, it is interesting to compare the 1-D averages from our
spline models with PREM predictions (Fig. 23). Such a comparison
shows that the isotropic PREM model predicts our Rayleigh-wave
1-D averages very well but not the Love waves, while anisotropic
PREM predicts Love waves very well but not the Rayleigh waves.
This implies that the amplitudes of the transverse anisotropy in the
shallow part of the Earth is probably only about half of the values
given in PREM.

6 C O N C LU S I O N S

We extend our cluster analysis technique to measure phase delays
and compile a large data set of phase velocity measurements for
Rayleigh and Love waves over a broad frequency range. While dis-
cussion of the details of azimuthal anisotropy is beyond the scope
of this paper, we demonstrate that including azimuthal anisotropy
is necessary to invert for reliable isotropic phase velocity maps.
Within a reasonable range, the choices of smoothness for anisotropy
do not have a significant impact on the resulting isotropic maps.
These maps provide a very compact way to represent our data sets
and give over 90 per cent of variance reduction for most frequen-
cies for both Love and Rayleigh waves. A simple b-spline model
can be used to simultaneously model both phase and group ve-
locity perturbations, with uncertainties of 1.0 per cent and 0.6 per
cent for Rayleigh-wave group and phase velocity, respectively, and
1.5 per cent and 0.75 per cent for Love waves. Large-scale geo-
logical features and clear age-progression trends of both group and
phase velocities in the ocean basins can be resolved. These maps
provide useful constraints on the velocity of the crust and upper-
most mantle and are currently being used to produce a new global
lithosphere model. (Pasyanos et al. 2014)

The main product of this paper, our phase delay measurements
and the spline model for both Rayleigh and Love waves, can be
downloaded from http://igppweb.ucsd.edu/ gabi/litho1.0.html.
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Figure 23. Comparison between the 1-D averages from our model and PREM predictions. Red circles (for Love waves) and triangles (for Rayleigh waves) are
our 1-D averages. Blue circles and triangles are the data used to produce PREM (Dziewonski & Anderson 1981). Black lines on the left-hand panel show the
predictions for both Love and Rayleigh group and phase velocities from the isotropic PREM model. Black lines on the right-hand panels are the predictions
from the anisotropic PREM model. We can see that the isotropic PREM model predicts our Rayleigh-wave 1-D averages very well but not the Love wave,
while anisotropic PREM predicts Love waves very well but not the Rayleigh waves. It indicates that the transverse anisotropy in the shallow part of PREM is
likely overestimated.
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A P P E N D I X : A S Y M P T O T I C F O R M S F O R S O U RC E P H A S E C O R R E C T I O N S

This appendix explains the details of making source phase corrections. We follow the normal mode theory proposed in Gilbert & Dziewonski
(1975, henceforth GD). We use the same definitions of surface harmonics Xm

l and constants bm
l as in GD eqs (2) and (21)

Xm
l = (−1)m

[
2l + 1

4π

(l − m)!

(l + m)!

]1/2

Pm
l cos(θ ),

bm
l = (−1)m

2mm!

[
2l + 1

4π

(l + m)!

(l − m)!

]1/2

.

The second-order asymptotic approximation to Xm
l is [eq. 10 in Romanowicz & Roult (1986)]

Xm
l = 1

π

1√
sinθ

cos

[
(l + 1/2)θ + mπ/2 − π/4 + (m2 − 1/4)

cotθ

2l + 1

]
. (A1)

Therefore, for m = 0, 1, 2:

b0
l X 0

l = 1

π

1√
sinθ

√
2l + 1

4π
cos

[
(l + 1/2)θ − π/4 − 1

4

cotθ

2l + 1

]
,

b1
l X 1

l = 1

π

1√
sinθ

√
2l + 1

4π

1

2

√
(l + 1)lsin

[
(l + 1/2)θ − π/4 + 3

4

cotθ

2l + 1

]
,

b2
l X 2

l = 1

π

1√
sinθ

√
2l + 1

4π

−1

8

√
(l + 2)(l + 1)l(l − 1)cos

[
(l + 1/2)θ − π/4 + 15

4

cotθ

2l + 1

]
.
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A1 Love waves

For Love waves, the seismogram for each individual mode can be calculated as (eqs 24 and 31 in GD)

sLove = −e2c12b2
l X 2′

l − e1c11b1
l X 1′

l , (A2)

where

e1 = W/r − W ′,

e2 = −4W/r,

c11 = 2( f5 cosφ − f4 sinφ),

c12 = sin2φ( f3 − f2) + 2 cos2φ f6

and W is the eigenfunction for each toroidal mode, f is the moment tensor solution and φ is azimuth of the receiver from an earthquake.
To compute the derivative of X 1

l and X 2
l , we use the following recursion relationship (which can be derived from Dahlen & Tromp (1998),

eq. B.121 and the definition of bm
l ):

bm
l Xm′

l = 1

2m
(l + m)(l − m + 1)bm−1

l Xm−1
l − m cot θbm

l Xm
l . (A3)

Therefore, we have these exact identities:

b1
l X 1′

l = 1

2
l(l + 1)b0

l X 0
l − cot θb1

l X 1
l ,

b2
l X 2′

l = 1

4
(l + 2)(l − 1)b1

l X 1
l − 2 cot θb2

l X 2
l .

In most practices, the cot terms can be neglected for large l. However, for l < 100, we find that neglecting the cot terms can actually introduce
a small but measurable bias.

b1 X 1′
l =

(
1

2

√
(l − 1)(l + 2)X 2

l − 1

2

√
(l + 1)l X 0

l

) −1

2

√
2l + 1

4π

√
(l + 1)l

= −1

4

√
2l + 1

4π

√
(l + 2)(l + 1)l(l − 1)X 2

l + 1

4

√
2l + 1

4π
(l + 1)l X 0

l

= 1

4

√
2l + 1

4π

1

π
√

sinθ

√
(l + 2)(l + 1)l(l − 1)cos

[
(l + 1/2)θ − π/4 + 15

4

cotθ

2l + 1

]

+ 1

4

√
2l + 1

4π

1

π
√

sinθ
(l + 1)lcos

[
(l + 1/2)θ − π/4 − 1

4

cotθ

2l + 1

]
,

b2 X 2′
l =

(
1

2

√
(l − 2)(l + 3)X 3

l − 1

2

√
(l + 2)(l − 1)X 1

l

)
1

8

√
2l + 1

4π

√
(l + 2)(l + 1)l(l − 1)

= 1

16

√
2l + 1

4π

1

π
√

sinθ

√
(l + 3)(l + 2)(l + 1)l(l − 1)(l − 2)sin

[
(l + 1/2)θ − π/4 + 35

4

cotθ

2l + 1

]

+ 1

16

√
2l + 1

4π

1

π
√

sinθ
(l + 2)(l − 1)

√
(l + 1)lsin

[
(l + 1/2)θ − π/4 + 3

4

cotθ

2l + 1

]
.

One way to check these results is to use the fact that

b3

b2
= −1/6

√
(l + 3)(l − 2),

b2

b1
= −1/4

√
(l + 2)(l − 1),

b1

b0
= −1/2

√
(l + 1)(l).

Therefore,

b1 X 1′
l = 1

2
b1

√
(l − 1)(l + 2)X 2

l − 1

2

√
(l + 1)l X 0

l b1 = −2b2 X 2
l + 1

4
l(l + 1)b0 X 0

l ,

b2 X 1′
2 = 1

2
b2

√
(l − 2)(l + 3)X 3

l − 1

2

√
(l + 2)(l − 1)X 1

l b2 = −3b3 X 3
l + 1

8
(l + 2)(l − 1)b1 X 1

l ,

which match our earlier results for b1 X 1′
l and b2 X 1′

2 .
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We further define corr = cotθ
2l+1 , const = 1

4

√
2l+1
4π

1
π

and the amplitudes and phases of the cosine and sine terms in b1 X 1′
l and b2 X 1′

2 :

s1 = const × l(l + 1) × e1 × c11,

s2 = const ×
√

(l + 2)(l + 1)l(l − 1) × e1 × c11,

s3 = 0.25const × (l + 2)(l − 1)
√

(l + 1)l × e2 × c12,

s4 = 0.25const ×
√

(l + 3)(l + 2)(l + 1)l(l − 1)(l − 2) × e2 × c12,

φ1 = −1/4corr = −0.25corr,

φ2 = 15/4corr = 3.75corr,

φ3 = 3/4corr = 0.75corr,

φ4 = 35/4corr = 8.75corr,

φ = (l + 1/2)θ − π/4.

Insert these into the equation for sLove, we get

(−
√

sinθ )sLove = s1 cos(φ + φ1) + s2 cos(φ + φ2) + s3 sin(φ + φ3) + s4 sin(φ + φ4)

= s1(cosφ cosφ1 − sinφ sinφ1) + s2(cosφcosφ2 − sinφ sinφ2)

+ s3(sinφ cosφ3 + cosφ sinφ3) + s4(sinφ cosφ4 + cosφ sinφ4)

= (s1 cosφ1 + s2 cosφ2 + s3 sinφ3 + s4sinφ4) cosφ

− (s1 sinφ1 + s2 sinφ2 − s3 cosφ3 − s4cosφ4) sinφ.

If we define s̃1 = s1cosφ1 + s2cosφ2 + s3sinφ3 + s4sinφ4 and s̃2 = s1sinφ1 + s2sinφ2 − s3cosφ3 − s4cosφ4, seismogram

sLove = −1√
sinθ

(s̃1cosφ − s̃2sinφ) = −
√

s̃2
1 + s̃2

2√
sinθ

cos(φ + φ0).

Therefore, Love-wave seismogram can be treated as a cosine function with initial source phase φ0 = arctan(s̃2/s̃1).
For Rayleigh waves, the seismogram can be written as (eq. 30 in GD)

sRayleigh = [e1 f1 + e2( f2 + f3)]b0 X 0
l + e3c11b1 X 1

l + e4c12b2 X 2
l ,

where

e1 = U ′,

e2 = 1

r

(
U − 1

2
l(l + 1)V

)
,

e3 = V ′ + 1

r
(U − V ),

e4 = 2V

r
,

c11 = 2( f4cosφ + f5sinφ),

c12 = 2cos2φ( f2 − f3) + 4sin2φ f6.

For Rayleigh waves, the calculation for source phase is much easier than Love because we do not need to calculate derivatives. We define

corr = cotθ
2l+1 , const =

√
2l+1
4π

1
π

and

s1 = (e1 f1 + e2( f2 + f3)) × const,

s2 = e4c12
−1

8

√
(l + 2)(l + 1)l(l − 1) × const,

s3 = e3c11
1

2

√
(l + 1)l × const,

s4 = 0,

φ1 = −0.25corr,

φ2 = 3.75corr,

φ3 = 0.75corr,

φ4 = 0.

The rest of the calculation is the same as for Love waves.
Using the second-order term (m2 − 1/4) cotθ

2l+1 in the approximation to Xm
l has minor but perceivable effects (1–2 s) at frequencies lower

than 10 mHz, or l less than about 100. We compute synthetics using only the fundamental modes, process them with the same pre-processing
technique described in this paper and identify the arrival times of the largest peak in each waveform (Fig. A1). Including the second-order
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Figure A1. Synthetic test for our measurement technique. Synthetic seismograms are computed for fundamental modes only. Each dot represents one
measurement. Including the second-order term reduces the scatter for Rayleigh waves and corrects for the dependance of arrival times on distances for Love
waves.

term reduces the scatters in Rayleigh-wave measurements. For Love waves, it corrects for the dependence of arrival times on distance, which
will generate a bias of about 0.1 per cent [5 s/(160 deg/4.76 km s−1) ≈ 0.1 per cent] in the average velocity. This correction is needed for our
measurement technique, which compares real waveforms measured at different stations. However, methods based on comparing waveforms
with synthetics do not need this correction, because accurate calculation of Xm

l is already part of the algorithm that calculates the synthetics.

 at V
irginia T

ech on A
ugust 13, 2015

http://gji.oxfordjournals.org/
D

ow
nloaded from

 

http://gji.oxfordjournals.org/

